HARMONIC MAPS AND SECTIONS ON SPHERES 
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Abstract. The absence of interesting harmonic sections for the 
Sasaki and Cheeger-Gromoll metrics has led to the consideration of 
alternatives, for example in the form of a two-parameter family of 
natural metrics shown to relax existence conditions for harmonic- 
ity p. 

This article investigates harmonic Killing vector helds, proves their 
non-existence on § 2 , obtains rigidity results for harmonic gradi- 
ent vector fields on the two-sphere, classifies spherical quadratic 
gradient fields in all dimensions and determines the tension field, 
concluding with the discovery of a family of metrics making Hopf 
vector fields harmonic maps on S 2n+1 . 



1. Introduction 

Since the tangent bundle TM of a manifold M n can be equipped 
with the structure of a 2n-dimensional manifold, it admits, at each of 
its points e, a tangent space of its own, denoted T e TM, their disjoint 
union making up the bitangent bundle TTM. 

For a Riemannian manifold (M,g), the differential of the canonical 
projection ir : TM — > M and the Levi-Civita connection V, via the 
connection map K : TTM — > TM, induce a natural splitting of TTM 
into vertical and horizontal subbundles so that: 

T e TM = V e ®H e . 

As the restriction of K to V e leads to a canonical identification with 
T X M (vr(e) = x), we can lift vector fields on M to vertical and horizontal 
vector fields on V and H (cf. [I] for details). 
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The simplest metric one can define on TM is the Sasaki metric, which 
requires the projections from V and H to TM to be isometries and 
the two bundles to be orthogonal. Unfortunately, at least on compact 
manifolds, this most natural of metrics does not allow the existence 
of interesting harmonic maps or even sections (see definitions below). 
In order to obtain some flexibility, a new (two-parameter) family of 
metrics on TM was introduced in pQ: 



h p , g (A, B) = g(dir(A), dn(B))+u p (e) [g(KA, KB) + qg(KA, e)g(KB, e)] , 
where, e G TM, A,B G T e TM, u{e) = (1 + \e\ 2 y x and p, q G R. 



While it is possible to allow q negative, h PA being then only Riemannian 
in a tubular neighbourhood of the zero section, we will assume q ^ 0, 
except for a few special cases. 

Note that /i ,o is precisely the Sasaki metric and h\ t \ the Cheeger- 
Gromoll metric (cf. 0,[5] for more on their geometries). 
These metrics h p , q , named "generalised Cheeger-Gromoll metrics", are 
all natural metrics (i.e. dir is Riemannian and V and H are orthogonal). 
Their geometry is studied in [2]. 



Assuming the base compact (otherwise work with compact subsets), 
we consider, rather than the "full" Dirichlet energy functional, the 
vertical energy of a vector field a: 



(these two only differ by an additive constant) and derive its Euler- 
Lagrange equation for variations through sections [I]: 



(l+H 2 )V*Va+2pVx (CT )<x = [p\Va\ 2 -pq\X(a)\ 2 - q(l + |or| 2 )A(|or| 2 /2)] a 



where V*Vcr = — trace(V 2 )a (same sign convention for the Laplacian 



Clearly, parallel vector fields (when they exist) are (p, g)-harmonic sec- 
tions and the first non-parallel examples are the standard Hopf vector 



2. (p, g)-HARMONIC SECTIONS 




(1) 
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fields on S 2p+1 (p = 2 and any q). Besides, rescaling them yields exam- 
ples for all (p, q) with p > 1. Moreover, violating our convention q ^ 0, 
conformal vector fields on S n are (p, g)-harmonic if and only if n ^ 3, 
p = n + 1 and q = 2 — n ( pQ ) . 

On the other hand, when the base is compact (without boundary) and 
p ^ 1 (<? ^ 0), then a vector field is (p, g)-harmonic if and only if it is 
parallel (cf. []]). 

This includes the case of the original Cheeger-Gromoll metric (p = 
q = 1) (see also [7]). Note our convention for the curvature tensor: 

[X,Y] ■ 

3. Killing vector fields 

As illustrated by Hopf fields on § 2p+1 , Killing vector fields are prime 
candidates for (p, g)-harmonicity. 

Proposition 3.1. A Killing vector field o is (p,q)- harmonic if and 
only if: 
(2) 

(l+|a| 2 )Ricci((x)-2pVv CT aCT = 

Proof. For a Killing, X(a) = -V a a and V 2 XY cx = -R(a,X)Y so 
V*Va = Ricci(a). □ 

The first sub-case to investigate is constant norm. 

Proposition 3.2. A Killing vector field o of constant norm \a\ 2 = k 2 is 
(p, q) -harmonic if and only if it is an eigenvector of the Ricci operator. 
Then p — 1 + ^ and q is any (positive) real number. 

Proof. If a is Killing and |<r| 2 = k 2 , then X(a) = and Ricci(cr, a) = 
|Vcr| 2 ([!]), so (p, g)-harmonicity becomes: 

(1 + k 2 ) Ricci(a) = {p\ Vcr| 2 )cr = pRicci(cr, 0)0. 

□ 

Example 3.1. There are easy examples of Killing vector fields which 
are eigenvectors of Ricci on the space forms IR n and § 2p+1 . In dimension 
three, one can also search among Thurston's geometries, starting with 



p|Vcr| — pq\V a a\ —q{l+\ 



en 



)A 



o~\ 



a 
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§ 2 x K and J^. Unfortunately, all these examples, except Hopf fields, 
are parallel. 

To obtain new non-parallel examples, we turn to the Heisenberg space 
H 3 , identified with M 3 endowed with the metric dx 2 + dy 2 + (dz — xdy) 2 
and SX 2 (IR), the universal cover of the special linear group, seen as 
R 3 . = {(x, y, z) e R 3 : z > 0} with the metric (dx + f ) 2 + V+d^. 
For if 3 , the vectors E\ — J^, E2 — J^ + ^J^j E3 = form an orthonor- 
mal basis and £3 is Killing and non-parallel. Besides one verifies that 
Ricci(£^= \E 3 . 

For SX2(M), things are similar, since an ortho normal basis is given by 
^ l = ~§xi ^2 = z ~§^ ~ ~§^i E 3 = z-^ and Ei is Killing and non-parallel, 
moreover Ricci(Ei) = \E X . 

More generally, constancy of the norm is replaced with harmonicity. 

Proposition 3.3. Let a be a (p,q) -harmonic Killing vector field with 
harmonic norm. If p ^ and (p — l)|cr| 2 ^ 1 (automatic when p ^ 1 ) 
then a is of constant norm. 

Proof. In this case, Ricci(a, a) = |Va| 2 and a (p, g)-harmonic implies: 

(1 + (1 -p)\<y\ 2 ) Ricci((x,or) = _p( 2 + g | a |2)|v CT a| 2 

hence a has constant norm. □ 

Remark 3.1. On compact manifolds, Proposition 13.31 is only a minute 
improvement on [H Theorem 4.6]. 

Remark 3.2. Non-parallel Killing vector fields do not exist on a com- 
pact manifold with negative Ricci. On the other hand, when Ricci > 0, 
if \a\ 2 is harmonic then it must be constant [9]. 

The two-sphere is a particularly restrictive case. 

Proposition 3.4. There is no non-zero (p,q)- harmonic Killing vector 
field on § 2 (p > 0, q ^ 0). 

We first need: 

Lemma 3.1. Let a be a non-zero Killing vector field on § 2 . Then: 

i) The set A = {x G S 2 : cr(x) = 0} has empty interior. 

I |2 

ii) IfV a a = on an open subset U then A^j- = on U. 
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Proof, i) If a = on an open subset B of § 2 , then (Vxcr)(i) = 0, Wx G 
5,VX G T x § 2 and a = on § 2 Q8J). 

ii) Assume V ' a a = on an open subset U of § 2 , then | cr | 2 is constant 
and A^f = on U. □ 



Proof of Proposition \S.4\ Let a be a non-zero (p, g)-harmonic Killing 
vector field on S 2 , U and A as in the above lemma. 
Only = § 2 \(£7UA), o~/\o~\ and V ct <t/| V ct (t| form an orthonormal basis, 
put V = V a a then: 

|Va| 2 = i^IV^I 2 + j^\V v a\ 2 . 
Since a is (p, g)-harmonic: 

Vv CT «xfT = ^(pIV^I 2 - M|V CT a| 2 - g(l + |<r| 2 )A(±M 2 ) - (1 + \a\ 2 ))a 
so that V Va(T o = fa with f = =± (p\ Va\ 2 -pq\ V CT (x| 2 -g(l + |a| 2 )A(||a| 2 ) 



(1 + \a\ 2 )j. On W: 

|V a a| 2 = -f\a\ 2 and |V y a| 2 = / 2 |a| 2 . 

Therefore |Va| 2 = —2/. Note that by continuity this holds on §> 2 \ U 

and / cannot vanish. 

Hence 

= pq\V a a\ 2 + q(l + |a| 2 )A(±H 2 ) + (1 + |a| 2 ) 
so that \a\ 2 is constant. □ 

However, one can try to obtain (p, g)-harmonic vector fields by mul- 
tiplying a Killing vector field by a function. 

Example 3.2. Consider a(x,y,z) = (—y,x,0) the Killing vector field 
on § 2 given by rotation around the z-axis and complete it into an 



orthonormal frame { x 2+ y 2 , x2 + y 2 } of § 2 \ {N, S}, the sphere less the 



l|lullllttl )JL(U1U - — -A 1 ^ s2 

poles. 

For / G C°°(§ 2 ), let V = fa, then standard computations show that 
V (p, g)-harmonic requires a(f) = 0, i.e. f(x, y, z) = F(x 2 + y 2 ) for 
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some real function F. 

Then V = F(x 2 + y 2 )u is (p, 0)-harmonic if: 
(3) 

(l+tF 2 )[4t(t-l)F" + (10t-8)F'+F]+4p(l-t)[tF 2 F'+t 2 F(F') 2 ] = 



i 



Clearly constant functions are not solutions and while F(t) = — - 

V (p-i)t 

is a solution, it does not extend over the poles. 

More generally, if F is a solution of (5]) on [0,1], assuming (wlog) 
F(0) ^ and F'(t) ^ for t e]0,e[ (e > 0), then F' ^ ^ (1 _ t) on 
]0, e[. Hence no function F on § 2 can make Fa (p, 0)-harmonic. 

4. Gradient vector fields 

First, we find an obstruction for another important class of vector 
fields on § 2 . 

Proposition 4.1. Let a be a (non-zero) (p,q) -harmonic vector field 
defined by o = Vf with Af = Xf . IfV a o~ and a are non-colinear on 

I 1 2 

an open subset U ofE> 2 , then A^j- ^ on U. 

Proof. From standard properties of gradient vector fields, a = V/ with 
Af = Xf, is (p, g)-harmonic if: 



;i+|a| 2 )(A-l)a+2j9Vv CT ^ = p\Va\ 2 - pq\V >| 2 - q(l + \cr\ 2 )A^- 



a 



Therefore Vv CT o-cr = fa with: 

/ = i (pIVo-I 2 - pq\V a a\ 2 - g(l + |a| 2 )A^! - (A - 1)(1 + |a| 2 )) . 

Note that a cannot vanish on an open subset of S 2 . Assume that 
{ ]f| ' ]fj }' w h ere b = ^o-o" — (V CT er, c) |^2, is an orthonormal basis on an 
open subset U, then: 



with 



while 



|Va| 2 = |V^(x| 2 + | V_b_cr| 

M \b\ 



\V«a\ 2 = ] ^(fa,a) = f 
M 1 
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\b\ 2 = fW\ 2 ~ ^(V.a, of and \V b a\ 2 = f \f\a\ 2 - ^(V.a, a)^ 



Therefore |^|V fe a| 2 = / and |Vct| 2 = 2f. 
Plugging in the definition of /, we have: 



_> 



= -pq\V a a\ 2 - q(l + |a| 2 )A^- - (A - 1)(1 + |a| 2 ), 
therefore A-^j- ^ on U. 

If U is dense in § 2 , this forces |cr| 2 to be constant. □ 

Remark 4.1. For conformal vector fields on 8 n , V ff cr and a are col- 
inear. However [H Theorem 5.4] states that conformal vector fields on 
S 2 cannot be (p, g)-harmonic. 

4.1. Spherical Quadratic Gradient Fields. To a symmetric bilin- 
ear form (3 on M n+1 , associate the linear map B: 



B{x) . y = /3(x, y), for all x, y e R n+1 , 

define the restriction of the associated quadratic form to S n : 

X(x) = /3(x, x) = Bx . x, 

and a = |VA its spherical gradient. Clearly a{x) = B(x) — X(x)x. 
More generally, for any fcGN: 

\ k (x) = B k (x) . x, and a k (x) = |VA fc = B k (x) - X k (x)x. 

Consider the symmetric (1, l)-tensors on §> n : 

L k X = B k X - (B k X . x)x, 



and put L = L\. Note that: L k ^ L k if k > 1. 
By direct calculations, we obtain: 
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Proposition 4.2. 

(a) (a k , 07) = Xk+i - X k Xi 

(b) L t cr k = a k+ i - X k ai 

(c) Vx^fc = L k X - \ k X 

(d) div a k = trace(B h ) — (n + l)X k 

(e) |L fc | 2 = |5 fc | 2 -2A 2fc + A2 

(/) V x L k (Y) = -(X, Y)a k - (a k , Y)X 

(g) V% Y a k = -(X,Y)a k - (a k ,Y)X - 2(a k ,X)Y 

Corollary 4.1. (a) When L k is viewed as a TM -valued 1-form on 
M: 5L k = (n + l)a k 
(b) V*V<x fc = (n + 3)a k 

A straightforward consequence of Proposition 14.21 is: 

Proposition 4.3. For o = |VA, we have: 

(a) \a\ 2 = A 2 - A 2 

(6) X(o-) = <r 2 - 2Aa 

(c) W x <? = LX -XX 

(d) V X (o)V = <t 3 - 3Xa 2 + (4A 2 - X 2 )a 

(e) |Va| 2 = | J B| 2 -2A 2 -2Atrace5 + (n + 3)A 2 
(/) V*Va = (n + 3)<r 

(p) A|(t| 2 = -2|5| 2 + 2(n + 5)A 2 + 4A trace B-4(n + 3)A 2 
This formalism leads to a classification. 

Theorem 4.1. ^4 quadratic gradient vector field o on § n zs (p, q)- 

harmonic if and only if n is odd, n ^ 5, p = and q is the only 
solution (necessarily negative) of: 

8(n + l)q 2 + 2(3n 2 -In- 17)q + {n- 3)(n 2 - 9) = 

such that /i 2 = ^j^- — 2(n + 3) is strictly positive. 
Besides, a is given by |VA where X(x) = Bx.x and B is a symmetric 
matrix with two eigenvalues a and [3, of equal multiplicities such 
that \a — j3\ = \i. 
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Corollary 4.2. There is no (p,q) -harmonic quadratic gradient vector 
fields on even-dimensional spheres, and, more generally, none for pos- 
itive values of q ( recall that h Piq is a Riemannian metric on the whole 
ofTS n if and only if q is positive). 

Remark 4.2. a) B and B = B — 'jld give rise to the same gradient 
vector field. 

b) Since B can be written B = P~ 1 AP, A diagonal and P orthogonal, 
X(x) = B(x).x and \(x) = A(x).x are isometric and so are a = |VA 
and a = |VA. More prosaically: 

X(x) = (B(x),x) = {P^APx.x) = (Ax,x) o 0, 

for some isometry (f). 

So, up to isometries and constants, the (p, g)-harmonic vector fields of 

2 

n+1 ■ 



Theorem 14.11 are the gradients of X(x) = x\ + ■ • • + x 2 



Proof of Theorem \4-l\ From Proposition 14.31 

(4) (1 + |<r| 2 )V*Va + 2pV x{a) a = 

2pa 3 - 6p\a 2 +(n + 3 + {n + 3- 2p)\ 2 + (8p - n - 3)A 2 )cx 

hence, if a is (p, g)-harmonic, cr 3 — 3A<t 2 must be colinear to a. 

Remark 4.3. a) It is easy to see that o~2 = mcr for m £ R if and only 
if B satisfies B 2 — mB = cl for c6K. 

b) B 2 — mB = cl is equivalent to B having either one or two distinct 
eigenvalues, depending on whether the roots of the polynomial x 2 — 
mx — c are repeated or distinct. If B has a single eigenvalue \x then 
m = and c = fi 2 , whereas if B has distinct eigenvalues fi,u then 
m = + v and c = —fiv, and: 

a(x) = (fi- v)\x u \ 2 x^ + {v - /i)!^! 2 ^ 
a 2 {x) = (/i 2 - v^x^x^ + {v 2 - {i 2 )\x^\ 2 x v , 

where x = x M + x u is the decomposition into eigenvectors. 



Lemma 4.1. A non-trivial a satisfies: 
(5) cr 3 - 3Act 2 = fa, 
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for some smooth function f : § n — > K. if and only if B has precisely two 
distinct eigenvalues. 

Proof. If B has two distinct eigenvalues fa v, then B 2 — mB = cl, where 
m = jj, + v and c = —fau and: 



To show the converse, let {e^} be an orthonormal B-eigenbasis of 

Bei = fae^ where fa G E. 
Notice that for all k G N we have: 

Afe(ej) = ^ and cr^e*) = 0, 

then x = Ci G S n and covariantly differentiating Equation (jSJ) along 
X = G T x E> n for some j 7^ i yields: 

which reduces to: 

14 - fyib^j - 3) = - ^i)f( e i)> for a11 « ^ j- 

If a is non-trivial, there exist i,j such that /ij 7^ /i^, and: 



(73 — 3\a 2 = (m 2 — 3mA + c)cr 



(6) 
(7) 



/(e<) =11)- 2fafa 



2^ 
2/*? 



If /ifc is a third distinct eigenvalue then: 



f( e i) =1*1- 2 tMt^k 



2Mi 



and comparing with (jSj) and (j7j) yields: 
Therefore: 



tfj = 2^ + ^ fc ) = 7(^i + 3 ^ fc ) 
hence /ij = fa. So B has at most two distinct eigenvalues. 



□ 
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End of proof of Theorem \4-l 



By Remark 14.21 a), one eigenvalue, u, can be chosen zero, and the other, 
/i, strictly positive, of multiplicity k. Decomposing x = x^ + x v G S" 
into eigenvectors, the left-hand side of (j3J) becomes: 

(8) 2 P fi 2 + n + 3 + (n + 3- ^p)^ 2 \x^\ 2 + (8p - n - 3)^ 2 |a; M | 4 

while its right-hand side gives: 

(9) 

kfi 2 (p + q) + fi 2 [-2p(k + 1) - pqfi 2 + kqfi 2 - q(n + 5 + 2k)]\x fM \ 2 + 
/i 2 [p(n + 3) + 5pqfi 2 - q(n + 5 + 2k)^ 2 - kq/j 2 + 2{n + 3)g]|x M | 4 + 
qfx 4 [-Sp + 2(n + 3) + n + 5 + 2fc]|z M | 6 + 2g/i 4 (2p - n - 3)|x M | 8 

Note that by continuity, © and © must be equal everywhere. 
Equating the coefficients yields p = k = ( DU t rules out g = 0) 
and the system: 

(io) 2 

1L ~l^ + gif 1 " 2 + 2(n + 3)) = (forcing q < and excluding n — 3) 
8(n + l)g 2 + 2(3n 2 - 2n - 17)g + (n - 3)(n 2 - 9) = 

of the form: 



11' 



(fi 2 + a)q = K 
fi 2 (q + b) = K' 



with K negative and K' positive. These represent two (branches) of 
hyperbolas in different quadrants but intersecting (once and only once). 

□ 



5. Harmonic maps 

With the same energy functional E v on sections, one can formu- 
late several variational problems, according to the type of variations 
allowed. The lifting of all restrictions, that is permitting variations 
through mere maps, brings us back to harmonic maps (cf. |3J). In this 
situation, the associated Euler-Lagrange operator is the tension field 
r(cr) = trace Vrfcr. 
Standard computations provide: 
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Proposition 5.1. [2] The Levi-Civita connection V of the generalised 
Cheeger-Gromoll metric h p>q is given by: 

V x nY h = (y x Y) h - \{R{X,Y)eY 
SJ xh Y v = (Vx>T + ^(R(e,Y)X) h 
S7 XvY h = ^{R{e,X)Y) h 
V X vY v = -pu{e) [g(X, e)Y v + g(Y, e)X v ] + 

*$$g(X, Y)U + ^$g(X, e)g(Y, e)U, 

where R is the curvature tensor of (M, g) and U the canonical vertical 
vector field. 

Note that V X vY v EV so the fibres are totally geodesic. 

This enables us to compute the tension field: 

Proposition 5.2. A vector field a : (M,g) —>■ (TM, h Ptq ) is a harmonic 
map if and only if: 



(12) 



£r=i^V ei a) ei = 
V*V(J + 2puj{a)V x{a) a 



p^M±?i V(T |2 + m^2)\X(a)\ 2 



a 



l+<j|cr| 2 I I 1 l+g|of 

where {ei}i=i n is an orthonormal frame on (M,g). 

Proof. A vector field being an immersive bijection, o~(M) C TM is a 
submanifold of TM. 

Therefore, using a orthonormal frame {e.i}i=\,... y n on M: 

n 

t(ct) = trace Vda = ^ V ' da{e l )da(e i ) - da(V ei ei) 
i=i 

n 

= E^+(v ei <x)*)' 1 + (V ei ay] - {V^f - (V Vs ^) e 
i=i 

V*Va - 2 P u(a)V x{a) a + fg^|Va|V + ^\X(a)\ 2 a 

□ 
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Since the vector tangent to a variation through sections must be 
vertical, the Euler-Lagrange equation of the functional E v obtained 
by variations through sections (Equation ([!])) must be equivalent to 
the vertical part of the tension field. The next proposition checks this 
directly. 

Proposition 5.3. A section a ofTM satisfies: 
(13) 

(l+\a\ 2 )V*Va+2pV x{a) a = [p\Va\ 2 - pq\X(a)\ 2 - q(l + |<x| 2 )A^ 
if and only if 



a 



(14) V*V<7 + 2pu{a)V X (a)0- 



T^|V-| 2 + ^I^)| 2 



a 



Proof. Assume (fT3"]) and q ^ 0, then ([TJJ is equivalent to 
- q\a\ 2 (l + |a| 2 )V*W - 2pq\a\ 2 V x{a) a + q(l + |a| 2 )(A^)a 



q{l + \o-\ 2 )\Va\ 2 + 2pq\X(a) 



a = 



(1 + H 2 )(|Vcr| 2 + A^L) + 2p|A> 



<£> \a\ 2 ((1 + |of)V*W + 2pV x(a) a) 

<£> \cr\ 2 ((1 + |of)V*W + 2pV X (a)(?) = g((l + M 2 )V*Vcr + 2pV x{(T) a, a)a 
since g(V x ^a,a) = \X(a)\ 2 

Therefore (fl"4l) is equivalent to |cr| 2 A = g(A,a)o~ where A = (1 + 
|cr| 2 ) V* Vcr + 2pVx(a)0~, and this is true if and only if A = fa, which is 
precisely what ( fTBl says. 

Conversely, assume that (jl4l) holds, then (TT3T) is equivalent to 

(1 + \a\ 2 )\/*Va + 2pV X (a)(y = 

p\Va\ 2 - pq\X(a)\ 2 - q(l + \a\ 2 )(g(V*Va, a) - \Va\ 2 ) 

& (1 + |a| 2 )V* Vex + 2pV X (a)0- + q [g{{l + |of)V*Va + P V X (a)^ <?)] ° 

= (p + q + qW\ 2 )\Va\ 2 a 
& [(1 + |a| 2 )V*Va + 2pVx{«)°] (1 + q\o\ 2 ) = 

[(p + q + q\a\ 2 )\Va\* + pq\X (a)\ 2 ] a 
since, again, (fT4l) implies that |o"| 2 A = g(A,a)a. □ 



a 



a 
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Proposition 5.4. The scaled Hopf vector fields are harmonic maps 
from S> 2n+1 to TE> 2n+1 equipped with the generalised Cheeger-Gromoll 
metric h p q (p > 1, q ^ 0). 

Proof. On spheres, the horizontal part of the tension field becomes: 

n 

2J R{cr, Ve z o-)ei = (div a)a - V CT cr 

So if cr is Killing of constant norm, it is harmonic. □ 

Remark 5.1. a) For 2 ^ p > 1 and q = 0, these represent new 
examples of harmonic maps from a compact manifold into positive 
sectional curvature (cf. [2]). 

b) No Killing vector field on §> 2n can be a harmonic map. 

Example 5.1. Proposition 15.41 also extends to the vector fields on 
Heisenberg and SX20R.) considered in Example 13.11 

i) H3. With the same notations, let a be the vector E%, since the non- 
zero components of the curvature tensor of H 3 are -R1221 = § and -R1331 = 
-\ = -R2332, then Yh=x R ( a i ^ 7 e l cr)e i = 0. 

ii) SL 2 ($L): Still with the same notations as in Example 13.11 let a 
be the vector E±, then: Y^=i R{ a > V ei cr)ej = 0, since R(E\, E 3 )E 2 = 
R[Ei, E 2 )E 3 = 0. 
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